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Summary 

A non-ideal, hydrated,  non-dilute pseudo-binary salt-protein-water solution 
model of the erythrocyte intracellular solution is presented to describe the 
osmotic behavior of human erythrocytes.  Existing experimental activity data 
for salts and proteins in aqueous solutions are used to formulate van Laar type 
expressions for the solvent and solute activity coefficients. Reasonable esti- 
mates can therefore be made of the non-ideality of the erythrocyte intracellular 
solution over a wide range of osmolalities. Solution non-ideality is shown to 
affect significantly the degree of solute polarization within the erythrocyte 
intracellular solution during freezing. However, the non-ideality has very little 
effect upon the amount  of water retained within erythrocytes cooled at sub- 
zero temperatures. 

Introduct ion 

In two previous publications [1,2], the kinetics of water transport within 
erythrocytes during cooling at sub-zero temperatures were analyzed. The 
analyses assumed that  the erythrocyte intracellular solution can be considered 
as an ideal, hydrated,  non-dilute pseudo-binary solution of salts, proteins, and 
water. In the present work we shall extend our studies of the effects of hydra- 
tion and solute polarization on the water content  of human erythrocytes to 
include the e'ffects of solution non-ideality. 

* Present address: Biophysical  Laboratory ,  Harvard Medical School, Boston, Massachusetts, 02115, 
U.S.A. 
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Act ivi ty  coeff ic ients  

The act ivi ty a i of  the ith species in a m u l t i c o m p o n e n t  solut ion is def ined  as 

Ct i = f i x i  (1) 

where fi is the act ivi ty coef f ic ien t  def ined  with respect  to  an ideal di lute solu- 
t ion  such tha t  

fw -~ 1 as Xw -+ 1 (solvent)  

/ i , w  -~ 1 a s x i .  w -+ 0 (solute)  (2) 

The act ivi ty of  the  solvent  aw in a m u l t i c o m p o n e n t  solut ion can also be def ined  
as (Katchalsky and Alexandrowicz  ref.  3) 

18 
In aw - ~ (q'iPi/T/i) (3) 

103 i~w 

where qb i is the  osmot ic  coef f ic ien t  and m i is the  molal i ty  of  species i in solvent  
w (mol/~ H20) .  Consequen t ly ,  for  the e r y t b r o c y t e  sa l t -prote in-water  intracellu- 
lar so lut ion,  Eqn.  3 takes the fo rm 

18 
In aw = --10- ~ (dPsvsms + ~br, rnp) (4) 

The osmot ic  coeff ic ients  for  various c o m m o n  salts (NaC1, KC1, CaC12, etc .)  in 
water  are well d o c u m e n t e d  for  t empera tu res  above the  freezing po in t  o f  the  
aqueous  solut ion [4] .  For  the  hyd ra t i on  numbers  and appa ren t  molar  volumes  
of  the salts within the e r y t h r o c y t e  intracel lular  solut ion,  we shall assume [1] 
t ha t  q)s can be a p p r o x i m a t e d  by  the  osmot ic  coef f i c ien t  of  potass ium chlor ide  
in water  at 25°C. As shown in Fig. 1, the  osmot ic  coef f ic ien t  of  KC1 first 
decreases f rom 1.0 at rn = 0, reaching a m i n i m u m  of  0 .9870  at  mKCl ~ 0.8 
mol/~ H20 (rnKcl)o = 0 .150 mol/~ H20)  and then  increases app rox ima te ly  
l inearly with concen t r a t i on  to  a value of  0 .9883 at  m = 4.8 mol/~ H20.  This 
t ype  of  positive depar ture  f rom ideal i ty (q~ < 1) is c o m m o n  for  e lect rolytes .  
The infini te  negative gradient  of  the curve as zero concen t r a t i on  is approached  
is a consequence  of  the long range e lec t ros ta t ic  a t t rac t ions  and repulsions 
obeying  the inverse square law, while the more  or less l inear rise at  higher  con- 
cen t ra t ions  is due to shor t  range Van der Waals forces,  ion-dipole in teract ions ,  

etc.  
Unf o r tuna t e ly ,  data  for  the  osmot ic  coeff ic ients  of  hemoglob in  and o the r  

cell prote ins  are less well d o c u m e n t e d .  Adair  [5] measured  dPH b in di lute  Hb- 
water  solut ions (mHb <: 7.71 mmol/~ H20)  at  0°C; McConaghey  and Maizels [6] 
measured  dPnb in e r y t h r o c y t e s  suspended in NaC1 solut ions  at so m ew h a t  higher  
concen t ra t ions  (5 .3- -15 .9  mmol/~ H20)  and at  20°C. The  data  of  b o th  Adair  
and McConaghey  and Maizels are p lo t t ed  in Fig. 2. Compar i son  of  qbnb with 
qbKC ~ indicates tha t  the osmot ic  coef f i c ien t  of  hemog lob in  exhibi ts  negative 
deviat ion f rom ideali ty (q~ > 1) and increases m u ch  more  rapidly with increas- 
ing concen t r a t i on  than  does the osmot ic  coef f ic ien t  of  potass ium chloride.  This 
large rise in the osmot ic  pressure of  a p ro te in  with co n cen t r a t i o n  is a t t r i bu ted  
to  the marked  increase in the e n t r o p y  of  mixing which arises f r o m  the  dispro- 
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F i g .  1 .  Potass ium chloride osmot ic  coef f ic ient .  See R o b i n s o n  and Stokes  ref. 4 .  

F i g .  2 .  Hemoglob in  ion  osmot ic  coeff ic ient .  See Adair  ref. 5 and McConaghey  and Maizels ref. 6 .  

portion between the small molecules of the solvent and the large molecules of 
the protein solute (Vhb/~w ~ 4000) [7].  

On the basis of these data for the osmotic coefficients of KC1 and Hb and on 
the basis of the composition of the pseudo-binary erythrocyte intracellular 
solution under isotonic conditions listed in Table I [1],  the activity coefficients 
for the solvent w and the fictitious solute species m were derived using Eqns. 1 
and 4 for 0.36 < Cw < 0.6193 (i.e. a concentration range of 7.22 • 10 -3 to 15.9 • 
10 .3 mol/~ H20 for the protein and 0.150 to 0.330 mol/~ H20 for the salt). In 
our opinion, however, it would be an error to simply extrapolate the data for 
the hemoglobin osmotic coefficient to higher concentrations (mHb > 15.9 
mmol/~ H20) since even a linear extrapolation would yield seemingly unrealis- 
tically high values for Op at protein concentrations of 20--40 mmol/~ H20. 
A simple extrapolation would also fail to take into account any possible 
changes in the behavior of the solution in the limit Cw -~ 0 as all of  the free 
water leaves the cell. In order to extend the existing dilute solution activity 
data to very concentrated solutions, let us briefly consider the various solution 
theories that have been proposed. 

Most solution theories tend to explain solution non-ideality in terms of 
physical (Coulomb, Van der Waals, etc.) intermolecular forces. These theories 
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(e.g. Debye-Hfickel  e l ec t ro ly te  solut ion theo ry ,  Sca tchard-Hi ldebrand  regular 
solut ion t he o ry ,  Flory-Huggins t heo ry )  relate the  act ivi ty  coeff ic ients  to  
physical  quant i t ies  which ref lect  the  size of  the molecules  and the physical  
forces opera t ing  be tween  them.  An a l te rna te  approach  to  the s tudy  of  solut ion 
proper t ies  is based on a ra the r  d i f fe ren t  premise,  viz., tha t  molecules  in a liquid 
so lu t ion  in te rac t  with each o the r  to  fo rm new chemical  species and tha t  solu- 
t ion non- ideal i ty ,  the re fo re ,  is a consequence  of  chemical  react ions  [8] .  

The  various physical  theor ies  of  solut ions and the chemical  solut ion t h eo ry  
of  Dolezalek  [8] are ex t r eme ,  one-sided s t a tements  of  what  is n o w  believed to  
be the actual  s i tuat ion.  In cer ta in  l imiting cases each of  these points  of  view 
provides a sa t is factory  approx ima t ion .  When forces  be tween  the molecules  are 
weak, no  new stable chemical  species are f o r m e d  and the physical  t h eo ry  
applies; on the o the r  hand,  when forces be tween  molecules  are strong,  these 
forces  resul t  in the fo rma t ion  of  chemical  bonds  and since the energies for  
chemical  bond  fo rma t ion  are significantly larger than  those  cor responding  to  
Van der  Waals forces,  the  chemical  t heo ry  applies. In general,  b o th  physical  and 
chemical  forces should be t aken  in to  account .  This is what  we shall a t t e m p t  to  
do for  the case of  the e r y t h r o c y t e  intracel lular  solut ion.  

It  is d i f f icul t  to  fo rmula te  a t heo ry  which takes a cco u n t  of  bo th  physical  and 
chemical  ef fects  w i thou t  in t roduc ing  involved algebra and, wha t  is worse, a 
large n u m b e r  of  adjustable parameters .  Consequen t ly ,  we shall fo l low the lead 
of  Harris [9] in assuming tha t  the  act ivi ty  coeff ic ients  of  our  two solut ion spe- 
cies (solvent  w and h y d r a t e d  f ic t i t ious solute m) can be descr ibed by an equa- 
t ion  o f  the  van Laar type  (see Prausnitz ref.  10):  

In fh  = a (5a) 

~(Xw/Xm) ) 1 +  a h h 2 

In f~  : 
h h 2 

where  we have def ined  fh to  be the act ivi ty coeff ic ients  of  species i c o m p u t e d  
on a h y d r a t e d  basis (see Levin et  al. ref. 1): 

ai  ; [ h x ~  i = w , m  ( 6 )  

The  quant i t ies  x h are the mole f rac t ions  of  species i c o m p u t e d  on a h y d r a t e d  
basis [ 1 ] : 

h Nw --  h mNm 
X w 

N w + [1 --  (hm/Vm)]VmNm 

h PmNm ( 7 )  
X m -~ 

Nw + [1 - -  (hm/Pm)]VmNm 

N ~ and h m are respect ively,  the n u m b e r  of  moles  and hyd ra t i on  n u m b e r  of  the  
f ic t i t ious so lu t ion  species m cons idered  to  be present  within the cell. 

The  cor re la t ion  of  da ta  for  our  pseudo-b inary  sys tem is accompl i shed  most  
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easily by plotting the activity data so that  straight lines result. Eqn. 5a may be 
written : 

(ln/~W) - 1 / 2  (OZ 1/2/ ,G) h h 1 /2 )  = • ( x w l x m )  + (1/~ (8) 
h h Thus, a plot of (In fh)-l/2 versus Xw/X m should yield a straight line having a 

slope ~/2//3 and an intercept 1/~ t/2. The activity data for our erythrocyte intra- 
cellular solution are plotted in Fig. 3 in just this manner and a straight line does 
indeed result. A "least squares f i t"  of the data plotted in Fig. 3 yields values for 
the slope of 0.138 -+ 0.002 and for the intercept of 7.29 4_ 0.06 at the 5% confi- 
denee level. On the basis of these results, we feel that  the activity coefficients 
of w and m in our pseudo-binary intracellular erythrocyte solution can be ade- 
quately represented even at high solute concentrations by the following rela- 
tions: 

In Q = 1 . 8 8  • 1 0  - z  

[ 1 + 1 . 8 9  -2 h ~ 2 • l O  { x w l x m ) ]  

0.994 (9) 
lnfh m= [l+52.9(X~/Xw)]h h 2--0"994 

Note that Eqn. 5 is identical in form to the "so-called" van Laar equation 
[10] except that  the effects of temperature and pressure have been omitted. 
According to van Laar's original derivation [11] the constants e and/3 of Eqn. 
5 are not dependent upon composition but instead are functions of tempera- 
ture and pressure. Since the effects of pressure on liquid-phase properties is 
usually small {except at high pressures and at conditions near the critical state) 
the pressure dependence of the constants can usually be neglected; however, 
the temperature-dependence is often not negligible. Since in our case, the 
experimental data are insufficient to specify the temperature-dependence of 
the activity coefficients, either one of two simplifying assumptions can be 
made. The first one is to assume that  at constant composition the activity 

28 i T F = T - 
i 

26 

J 22~  
L . 1 

18 I / "  
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Fig. 3. Van  Laa r  r ep re sen t a t i on  of the wa t e r  act iv i ty  for  the  h y d r a t e d ,  non-di lu te  p seudo-b ina ry  salt- 
p ro t e i n -w a t e r  e r y t h r o c y t e  in t race l lu la r  so lu t ion .  
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coefficients are invariant with temperature; the second is to assume that at con- 
stant composit ion In f is proportional to the reciprocal of the absolute temper- 
ature. The first assumption is equivalent to assuming that the solution is ather- 
mal (/~kHmixing = O), and the second is equivalent to assuming that the solution 
is regular (ASEmixing = 0 ) .  Actual solutions,  of course, are neither athermal nor 
regular. Because of the large differences in the size and shape of the solvent 
(water) and solute (salt and protein) molecules of the erythrocyte intracellular 
solution,  we shall assume that our pseudo-binary solution is athermal with a 
non-zero entropy of mixing. Consequently,  the values of a = 1.88 • 1 0  - 2  and 

~ --~ j l ~ / ~  HYDRATED 

10 3!  I I a ~ I 
0.7 0.8 0.9 1,0 

WATER MOLE FRACTJON , xw h 

F ig .  5. C o m p a r i s o n  o f  t h e  m o l e  f r a c t i o n  d e p e n d e n c e  o f  t h e  c h e m i c a l  p o t e n t i a l  o f  a n  i d e a ] ,  h y d r a t e d  a n d  a 
non-ideal ,  hydrated  non-di lute  pseudo-binaxy ery throeyte  intracellular so lut ion .  
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= 0.994 used in Eqn. 9 shall be assumed to be independent of temperature. 
The logarithm of the water activity coefficient (ln fh) is plotted as a func- 

tion of the hydrated water mole fraction (x~,) in Fig. 4. Note that  in f h 
increases very rapidly from 0 to 1.63 - 10-: in the region 1.00 > x~ > 0.8. 
This increase can be attributed to the large difference in the apparent molar 
volumes of the solvent and solute species which causes the volume fraction of 
water to vary from 1.00 to ~0.05 in the same interval. The effect of this con- 
centration dependence of In fw h on the water activity can be seen in Fig. 5. 
Again the major effects of assuming a non-ideal solution (fhv ¢ 1) manifest 
themselves in the region 1.00 > x h. > 0.80 where 1.00 > ¢,v > 0.05. 

Application of the analysis 

Using the transport equations developed by Levin et al. [12] for the move- 
ment of solute and solvent within the erythrocyte intracellular solution and 
through the erythrocyte membrane, we have applied the analysis to the prob- 
lem of determining the behavior of human erythrocytes during freezing. This 
situation is one of considerable clinical importance in the reversible freezing 
of blood for long-term storage. 

Clinical experience has shown that  for human red blood cells suspended in 
an isotonic saline solution (0.154 mol NaC1/~ H20), ice tends to form extracel- 
lularly once the freezing point of the solution is reached. As water is removed 
from solution in the form of ice, the transmembrane chemical equilibrium is 
upset and the cell responds by expressing water across the membrane. As the 
water leaves the cell, the cell volume decreases and the cell membrane is dis- 
placed inwardly. Our experience [13] has shown that  under these conditions, 
we can assume that:  

(1) The temperature of the cell suspension is uniform. (2) The composition 
of the liquid phase of the extracellular medium is uniform with no polarization 
of solutes taking place at either the external surface of the cell membrane or at 
the liquid-solid interfaces. (3) The red blood cells are suspended in an initially 
isotonic sodium chloride aqueous solution. (4) Solid phase of pure ice forms 
only in the extracellular medium. (5) Chemical equilibrium prevails at all times 
in the extracellular medium. (6) The intracellular solution is a non-ideal, 
hydrated,  non-dilute, pseudo-binary salt-protein-water solution initially of uni- 
form composition. (7) The cell membrane is permeable to water only. 

In Fig. 6 the loci of thermodynamic states of the intracellular solution at the 
internal surface of the cell membrane for both ideal and non-ideal intracellular 
solution cases are shown for erythrocytes cooled at B =--5000°C/min.  The 
overall shape of the curves in Fig. 6 is essentially the same; however, quantita- 
tively, the loci of states for the ideal and non-ideal intracellular solution cases 
are quite different, especially at the higher temperatures. The difference can 
be attributed directly to the fact that  f~ ~ 1 but varies with composition for 
the case of tile non-ideal intracellular solution. Since in fw h -- 1.27 10 .3 
(fhw-- 1.0013) under isotonic conditions, the temperature at which the loci of 
thermodynamic states of the intracellular solution intersect the two phase 
NaCI-H20 equilibrium curve is even different for the two cases. For the ideal 
intracellular solution case, the freezing point of the intracellular solution is 
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Fig. 6.  E f f e c t  o f  s o l u t i o n  n o n - i d e a l i t y  o n  t h e  t h e r m o d y n a m i c  s t a t e s  o f  t he  h y d r a t e d  p s e u d o - b i n a r y  i n t r a -  
c e l l u l a r  s o l u t i o n  o f  e r y t h r o c y t e s  c o o l e d  a t  5 0 0 0 ° C / r a i n .  L o c u s  o f  s t a t e s  o f  e x t r a c e l l u l a r  s o l u t i o n  c o i n c i d e s  
w i t h  t w o - p h a s e  e q u i l i b r i u m  s t a t e s  f o r  all c o o l i n g  ra t e s .  

depressed 0.682 K whereas for the non-ideal intracellular solution case the 
freezing point  is depressed only 0.551 K (see Fig. 6). 

According to Fig. 6, at the higher temperatures,  APw[non_idea 1 ~ /kPw[ideal, 
an occurrence which is a direct result of the fact that  the e ry throcy te  intracel- 
lular solution exhibits positive deviation from ideality, i.e. f > 1. Consequently,  
one would expect  that  in this temperature  range the magnitude of the water 
volume flux should be greater for the case of a non-ideal intracellular solution 
than for the case of an ideal intracellular solution. However, this effect  is small. 
For B = --5000°C/min,  

1 . 0 0 5  < _Vw " g ~ m a x ,  non-ideal__ • 1 . 0 5  

U w J w ]  m a x ,  idea l  

Nevertheless, since at any temperature  D v IDV = non-ideal] ideal ~ In am/a In x m < I 
(see Levin et al. ref. 13), more solute will build up at the internal solution of 
the cell membrane for the non-ideal intracellular solution case than for the 
ideal intracellular solution case (see Fig. 7). For a cooling rate of 5000°C/rain, 
~m/e/¢m/¢Jmax = 1.50 at T = --8.29°C for the non-ideal case whereas era/e/ 
Cm/¢lmax = 1.39 at T = --9.00°C for the ideal case. 

Although the non-ideality of the e ry throcy te  intracellular solution does sig- 
nificantly affect the degree of solute polarization, it has very little effect  upon 
the amount  of water retained within erythrocytes  being cooled at sub-zero 
temperatures.  This can be seen in Fig. 8 where the amount  of water retained 
within erythrocytes  cooled at 5000 °C/min is plot ted as a function of tempera- 
ture for ideal and non-ideal intracellulax solutions and polarized and unpolar- 
ized cases. In general, for the unpolarized case the e ry throcy te  water content  
will be slightly smaller for  the non-ideal intracellular solution case than for the 
ideal intracellular solution case because the magnitude of the water volume flux 
is slightly higher. However, for the polarized case, the water content  of erythro- 
eytes will be slightly larger for the non-ideal intracellular solution case because 
the degree of solute polarization is greater. Finally, it should be noted that 
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T E M P E R A T U R E  , T(°C)  

Fig. 8. E f f e c t  o f  so lu t ion  non- idea l i ty  on the  v o l u m e  of  intraeel lular wa ter  re ta ined  wi th in  e r y t h r o c y t e s  
c o o l e d  at d i f f erent  rates  for  the pseudo-binary  intracel lular so lu t ion  case.  

b e c a u s e  o f  t h e  p o s i t i v e  d e v i a t i o n  f r o m  idea l i ty  o f  the  e r y t h r o c y t e  in trace l lu lar  
s o l u t i o n ,  t h e  va lue  o f  the  w a t e r  c o n t e n t  for  e r y t h r o c y t e s  in an a q u e o u s  NaC1 
s o l u t i o n  wi l l  be  l o w e r  as the  ce l l  a p p r o a c h e s  e q u i l i b r i u m  for  t h e  case  o f  a non-  
idea l  in trace l lu lar  s o l u t i o n :  Vw/Vwlo Inon-iaeal -+ 0 . 1 8 8 7  (¢m lnon-iaeal -* 0 . 9 5 8 4 )  
as Ap w -+ 0 ,  than  for  the  case  o f  an idea l  in trace l lu lar  s o l u t i o n ,  Vw/Vwlo liae~l 
-~ 0 . 1 9 0 7  (q~m l i d e a l  -'> 0.9550) as Apw -+ 0.  

G l o s s a r y  

a = a c t i v i t y  
B = c o o l i n g  rate  
c = m o l a r  c o n c e n t r a t i o n  
D V = v o l u m e  d i f f u s i v i t y  
f = a c t i v i t y  c o e f f i c i e n t  
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H 

J = 
rr/ = 

N = 
S = 
S = 

T = 
To = 

t = 

V = 

y c  = 

W ---- 

X = 

fl = 

p = 

¢p = 
¢ = 

p = 

en tha lpy  
flux 
molal i ty  
n u m b e r  of  molecules  
e n t r o p y  
solute 
t empera tu re  (K) 
freezing po in t  {273.15 K) 
t ime 
vo lume 
cell volume 
apparen t  molar  volume 
water  
mole f rac t ion 
van Laar pa ramete r  
van Laar parameter  
n u m b e r  of  species per molecule  
osmot ic  coeff ic ient  
volume fract ion 
chemical  potent ia l  

Subscr ip t  
i = ith species 
m = solute mixture  
o = initial or isotonic  
P = prote in  salt 
S = inorganic salt 
s = solute 
w = water  

Superscr ipt  
E = excess func t ion  
h = hyd ra t ed  
I = intracellular 
O = extracel lular  
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